
PROCESS SYSTEMS ENGINEERING

Multiway Continuous Hidden Markov Model-Based Approach
for Fault Detection and Diagnosis

Deepthi Sen
Dept. of Chemical Engineering, Indian Institute of Technology Madras, Chennai, Tamil Nadu 600036, India

Dilshad Raihan A.V.
Dept. of Mechanical Engineering, Indian Institute of Technology Madras, Chennai, Tamil Nadu 600036, India

M. Chidambaram
Dept. of Chemical Engineering, Indian Institute of Technology Madras, Chennai, Tamil Nadu 600036, India

DOI 10.1002/aic.14386
Published online February 15, 2014 in Wiley Online Library (wileyonlinelibrary.com)

A fault detection and classification scheme that uses probabilistic inference based on multiway continuous hidden Markov
models (MCHMM) which is capable of capturing complex system dynamics and uncertainty is proposed. A set of obser-
vations from normal and faulty runs of the system was collected and used to generate the training dataset. The training
data is assumed to follow a finite Gaussian mixture model. The number of mixture components and associated parameters
for the optimal Gaussian mixture fit of the observed data was computed subsequently by clustering using the Figueiredo–
Jain algorithm for unsupervised learning. The segmental k-means algorithm was used to compute the HMM parameters.
The applicability of the proposed scheme is investigated for the case of an inverted pendulum system and a fluidized cata-
lytic cracker. The monitoring results for the above cases with the proposed scheme was found to be superior to the multi-
way discrete hidden Markov model (MDHMM) based scheme in terms of the accuracy of fault detection, especially in
case of noisy observations. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 2035–2047, 2014
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Introduction

Detection and identification of abnormal modes of opera-
tion is central to ensuring safety and productivity in indus-
trial systems and processes. Accurate and well-timed
diagnosis of faults enables timely mitigative intervention and
suitable corrective measures.1 Fault detection and diagnosis
(FDD) schemes are mainly classified as either model-based
methods or data driven schemes. In model-based schemes, a
model describing the dynamics of the process or system is
used as basis for FDD.2,3 Building a fitting model that can
accurately describe the dynamics of a complex industrial
system is often a difficult and time consuming process. Data
driven methods conversely make use of the data obtained
from the prior operation of the system.4,5

A description of various FDD schemes and a comparison
between statistical methods and model-based methods was
given by Venkatasubramanian et al.6,7 Commonly used statisti-
cal methods include principal component analysis (PCA), partial
least squares (PLS), Fisher discriminant analysis, and so forth.8–

13 The methods PCA and PLS assume that the operating data fol-
lows a unimodal Gaussian distribution. This condition may not
often be valid in real systems and processes. A particular

approach to enable PCA to handle multimodal operating data
required enforcing constraints on the covariance structures.14

Another approach to deal with multimodality of data is a mixture
PCA method.15 This work proposed the integration of heuristic
smoothing clustering techniques with PCA. Real time FDD
schemes that use dynamic PCA and dynamic PLS have been
proposed, but these require a linear dynamic model structure.

A Gaussian mixture model (GMM) is capable of capturing
the multimodality of the operating data. Choi et al. proposed
categorizing the captured data into one of the Gaussian clus-
ters which can then be subjected to an associated PCA scheme
for detecting abnormal operation.16 The Gaussian mixture

parameters are computed using an expectation-maximization

(EM) algorithm. The optimal number of clusters is chosen

based on the targeted accuracy and the size of training dataset.

An enhanced GMM-based FDD scheme was proposed by

defining density of mixture modeling index.17 The number of

Gaussian clusters used is computed using a Bayesian informa-

tion criterion. Yu and Qin proposed a process monitoring

scheme that uses finite GMM (FGMM) and a Bayesian infer-

ence strategy.18 The FDD scheme is trained using the Figueir-

edo–Jain (FJ) algorithm. The FJ algorithm is capable of

determining the optimal number of Gaussian components

required from the training data as opposed to EM algorithms

which require the user to specify the number of clusters.19,20

Another class of FDD schemes are machine learning tech-
niques such as support vector machines, neural networks,
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and hidden Markov models (HMM) that are capable of
detecting and identifying abnormalities in processes and sys-
tems.7,21 HMM have been used in speech recognition and
hand-written character recognition problems. HMM-based
methods have been proposed to detect anomalies for network
security and to monitor tool wear in machinery.22,23 A multi-
way discrete HMM (MDHMM)-based FDD scheme was pro-
posed by Yu.24 The model was trained using an iterative EM
algorithm. The results obtained were demonstrated to be
superior to those of MPCA and MDPCA.

In this article, we propose an HMM-based FDD scheme that
relies on a GMM for the operating data. Hence, instead of
assigning probabilities to discrete values of the process varia-
bles, the process data is clustered into multivariate Gaussian
distributions. The optimum number of clusters and the respec-
tive weights, means, and covariance are computed using FJ
algorithm. Each mode of operation is assigned a correspond-
ing state in HMM against which the probability of occurrence
of measured values are computed. Probabilities indicating
temporal transition from one state to another will also be
defined. The state sequence corresponding to a measurement
sequence is then computed using a modified Viterbi algorithm
that uses a conditional probability so that accuracy is not lost.

The remainder of this article is organized as follows. A
basic discussion of HMMs along with the algorithms involved,
namely, segmental k-means and Viterbi algorithms, is given
under the section “A Brief Description of HMM.” Descrip-
tions of FGMMs and the FJ algorithm used in arriving at the
optimal FGMM are provided under this section. The imple-
mentation of the proposed FDD scheme is explained under the
section “Methodology.” The proposed FDD scheme has been
applied on an inverted pendulum system and a Model IV fluid-
ized catalytic cracker (FCC), to study its effectiveness.
Descriptions of these systems and the procedure followed in
testing are given under the section “Application Examples.”
The results of FDD applied on the aforementioned systems
and the analysis of the same are covered under the heading
“Results and Discussion.” The summary of the conducted
study and key inferences are provided under “Conclusions.”

A Brief Description of HMM

A random process is called a Markov process if its state at
any instant depends only on the previous state and not on any
other prior state. A system that exhibits this property may be
modeled as a Markov model. An HMM describes a system
whose temporal state sequence is governed by the Markov
property but is not directly observable to an external viewer.
Instead, a set of measurable observations that depend on the
state at each instant may be recorded. Let the system in ques-
tion exist in N distinct invisible states x1; x2; . . . ; xN where
xi 2 X. These states make up the state sequence S1; S2; . . . ; ST

such that a sequence of observation vectors y1; y2; . . . ; yT are
emitted where yt 2 Y for 1 < t < T. A canonical description
of an HMM may be written as25

PðSt115xjjSt5xi; St215xk; :::Þ5PðSt115xjjSt5xiÞ

Pðyt115yjSt; St21; . . . ; S1; yt; yt21; :::y1Þ5Pðyt115yjStÞ

The complete description of an HMM requires the follow-
ing parameters to be defined.

1. Number of states in the HMM (N)
2. Dimension of the observation vector yt (D)

3. State transition probability distribution, A5½ai;j�N 3 N

ai;j5PðSt115xjjSt5xiÞð1 � i � N; 1 � j � NÞ

4. Probability distribution in the states of measurements

biðyÞ5Pðyt5yjSt5xiÞð1 � i � NÞ

5. Probability distribution of the initial state, (p)

pðxiÞ5PðS15xiÞð1 � i � NÞ

In this work, each hidden state is representative of a mode
of operation that we wish to detect. In addition to this, the
measurement data emitted by each state is assumed to follow
a multivariate Gaussian mixture distribution. Mathematically

biðytÞ5
XM

k51

xi;kNðyt;li;k;Ri;kÞ (1)

where li;k and Ri;k are, respectively, the mean and covari-
ance of the kth component out of M components in the
Gaussian mixture for the ith state.

To arrive at the concerned HMM from a large set of his-
torical observations, we find the maximum likelihood (ML)
estimates of the three probabilities mentioned above. This
procedure, referred to as “training,” involves computing A; b
ðyÞ; and p that maximize some conditional probability of the
state and measurement sequences. The most common meth-
ods adopted to train the HMM are the Baum–Welch algo-
rithm and the segmental k-means estimation algorithm.

Segmental k-means estimation algorithm

To compute the ML estimate for the HMM, the following
probability density function of the observation sequence Y5

fy1; y2; . . . ; yTg is to be defined

PðYjA; b;pÞ5
X

St21;St5x8x2X

pS0

YT

t51

aSt21;St
bSt
ðytÞ

The set of parameters A; b; p that maximizes the probabil-
ity PðYjA; b; pÞ over all such possible parameter sets is the
ML estimate of the HMM. The Baum–Welch algorithm may
be used to meet this objective. Although in theory, Baum–
Welch assures convergence, it is known that the algorithm is
slow and in certain cases, restarts may be required which
further increases computation time.26 A different optimiza-
tion method for the HMM parameters is the segmental k-
means algorithm. Unlike Baum–Welch algorithm, the seg-
mental k-means algorithm does not compute the transition
over all possible states. Only those transitions as predicted
by the most likely path are considered in the optimization.
This makes segmental k-means algorithm much faster and
more robust compared to Baum–Welch even though it may
be a little less accurate in many cases.27

The segmental k-means algorithm computes the HMM
k5kðA; b;pÞ,where

kðA; b; pÞ5 argmax
k
fmax

S
f ðS;YjkÞg

That is, given the sequence of states S based on the pres-
ent estimate of HMM parameters which maximizes the prob-
ability of occurrence of the observation sequence, the
segmental k-means algorithm re-estimates an HMM, k, that
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maximizes this state optimized likelihood. But for the pur-
pose of training the HMM via segmental k-means, a continu-
ous multivariate probability distribution function that
accounts for the observed dataset corresponding to each
state, has to be generated in order to compute the emission
probability density function bðyÞ. As a unimodal Gaussian
distribution may be insufficient to explain the observed data
from complex dynamical systems, a finite mixture of Gaus-
sian probability densities is used to model the same. The
number of Gaussian components and a good estimate of the
mean and covariance matrices for the components may be
computed by clustering the training data. Re-estimation of
HMM parameters with segmental k-means requires defini-
tions of the following variables.

For 1 � t � T; 1 � i � N
1. Forward Variable, atðiÞ

atðiÞ5Pðfy1; y2; . . . ; ytg; St5xijkÞ (2)

2. Backward Variable, btðiÞ

btðiÞ5Pðfyt11; yt12; . . . ; yTgjSt5xi; kÞ (3)

3. An xi to xj transition variable, wtði; jÞ

wtði; jÞ5PðSt5xi; St115xjjY; kÞ (4)

4. A variable representing the occurrence of xi

ctðiÞ5PðSt5xijY; kÞ (5)

Given a training dataset and the most likely sequence of
hidden states, the observation sequence is labeled and
assigned the corresponding state. Then, the transition vari-
able may be updated as

wtði; jÞ5
1 if yt corresponds to xi and yt11 to xj

0 otherwise

(
(6)

Once w is computed, the variable c may be computed as
follows

ctðiÞ5
XN

j51

wtði; jÞ; 1 < n < T21 (7a)

cTðiÞ5
XN

j51

wtðj; iÞ (7b)

Assume that L is the total number of batches and Tl is the
length of the lth sequence. Define a probability that the
observation yt was generated by the kth component of the ith
state

ctði; kÞ5ctðiÞ
xikbikðytÞ

biðytÞ
(7c)

Then, the HMM parameters may be estimated as

pi5

PL
l51 cl

1ðiÞ
L

(7d)

ai;j5

PL
l51

PTl21
t51 wl

tði; jÞPL
l51

PTl21
t51 cl

tðiÞ
(7e)

xi;k5

PL
l51

PTl

t51 cl
tði; kÞPL

l51

PTl

t51 cl
tðiÞ

(7f)

li;k5

PL
l51

PTl

t51 cl
tði; kÞytPL

l51

PTl

t51 cl
tði; kÞ

(7g)

Ri;k5

PL
l51

PTl

t51 cl
tði; kÞðyt2li;kÞðyt2li;kÞTPL

l51

PTl

t51 cl
tði; kÞ

(7h)

Once all the aforementioned parameters are computed, the
resulting HMM can be used to arrive at an updated most-
likely state sequence estimate, using Viterbi algorithm.
Based on the new state sequence, the HMM parameters can
be re-estimated following the steps mentioned above. This
process is continued till the model parameters are converged.

Finite Gaussian mixture models

The parameters of the FGMM have to be arrived at itera-
tively using the EM algorithm which was originally devel-
oped for computing the ML estimates of model parameters
for an incomplete observed dataset.28 In addition to this, the
algorithm may be used in a case where the ML function
does not permit analytical optimization but the solution is
considerably simplified on assuming the existence of
“missing” parameters. A complete dataset Z is assumed to
exist such that Z5ðX; YÞ where X is a set of unknown
parameters and Y is the incomplete observation dataset. For
a given y 2 Y, the EM algorithm computes the parameter U
that maximizes the incomplete probability density function p
ðyjhÞ using another function pðzjhÞ where z 2 Z.29

The algorithm consists of recursively carrying out the
below steps:

Expectation Step. The expected value of the conditional
log-likelihood of complete data is computed, given the
incomplete observation dataset Y and current parameter
estimates

QðH;Hi21Þ5E½log pðX;YjHÞjY;Hi21�

On applying the E-step in the FGMM parameter estima-
tion problem with an initial parameter estimate of
H05ðx0;l0;R0Þ, we derive the expression for the posterior
probability PðCkjyj;iÞ of the jth observation vector in the ith
state belonging in the kth Gaussian component in the rth
iteration

PðrÞðCk;ijyj;iÞ5
xðrÞk;i gðyj;ijlðrÞk;i ;R

ðrÞ
k;i ÞPM

s51 xðrÞs;i gðyj;ijlðrÞs;i ;R
ðrÞ
s;i Þ

(8)

Maximization Step. A new parameter estimate is arrived
at by maximizing the expectation computed in the first step

Hi5 argmax
H

QðH;Hi21Þ

The maximization step for FGMM parameter estimation is
given below

lðs11Þ
k;i 5

Pni

j51 PðsÞðCk;ijyj;iÞyj;iPni

j51 PðsÞðCk;ijyj;iÞ
(9a)

Rðs11Þ
k;i 5

Pni

j51 PðsÞðCk;ijyj;iÞðyj;i2lðs11Þ
k;i Þðyj;i2lðs11Þ

k;i Þ
TPni

j51 PðsÞðCk;ijyj;iÞ
(9b)
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xðs11Þ
k;i 5

Pni

j51 PðsÞðCk;ijyj;iÞ
ni

(9c)

Even though, in theory, the EM algorithm may be shown
to iteratively converge to the ML estimate of the mixture
model parameters, we come across a number of its limita-
tions on putting it into practice19

1. Due to the presence of local maxima in the probability
density distribution of FGMMs, the final ML estimate
computed by the EM algorithm is strongly sensitive to
the initial guess supplied.

2. In case of FGMMs with unbounded likelihood, the
algorithm returns unreasonable values for ML estimates
as it converges to the boundaries of the parameter
space of the FGMM.

3. The adequacy of the FGMM in describing the observa-
tion dataset is dependent on the number of Gaussian
components in the FGMM as too few components
might fail to effectively capture system dynamics and
too many might lead to overfitting.

These limitations are overcome by using the FJ algorithm
which automatically optimizes the number of components in
the FGMM and ensures the best fit FGMM for the given set
of observations.

FJ algorithm

This algorithm is initialized by considering an arbitrarily
large number of Gaussian components to describe the model.
The minimum message length criterion is used in specifying
the objective function for optimization so that insignificant
components are discarded iteratively. The objective function
for n samples of observation vectors, Y5fy1; y2; . . . ; yng is
as given below18,19

LðY;HÞ5 V

2

X
m:xm>0

log
nxm

2
1

knz

2
log

n

2
1

knzðV11Þ
2

2log PðYjHÞ

Here, V5 1
2

D21 3
2

D represents the number of independent
scalar parameters required to specify a single D-variate
Gaussian component and knz stands for the number of signifi-
cant Gaussian components with weights greater than zero.

Viterbi algorithm

On having generated the parameters for the HMM describ-
ing a certain system, one has to consider the state estimation
problem, where, given a sequence of observation vectors, an
optimal estimate of the state sequence that gave rise to the
observations has to be computed. Various methods that differ
in the imposed optimality criterion are available for this pur-
pose. One such way is by calculating the most probable state
at each instant independent of previous instants. This maxi-
mizes the expected number of correctly identified states. But
this procedure is not suitable for systems where one or more
elements in the transition matrix are zero. Hence, we resort
to another global optimality constraint where the single best
state sequence is computed, given the entire observation
sequence.30 This is achieved using the dynamic
programming-based Viterbi algorithm.

The Viterbi algorithm, originally developed as a means to
decode convolutional codes, may be used to recursively track
the optimal state sequence in a discrete state Markov process
by solving the concerned maximum a posteriori probability

estimation problem.31 The implementation of this algorithm
requires us to define a new variable dtðiÞ such that24

dtðiÞ5 max
S1;S2;...;St21

PðS1; S2; . . . ; St21; St5xi; y1; y2; . . . ; ytjkÞ

(10)

This may be expressed as an iterative expression as given
below

dt11ðjÞ5 max
i
½dtðiÞaij�bjðyt11Þ (11)

dtðiÞ is computed for 1 � t � N at each t and the state xi

that maximizes dt is stored. After the evaluation of dT , back-
tracking offers the required optimal path.

Methodology

A diagram describing the sequential procedure to be fol-
lowed while implementing the MCHMM scheme is given in
Figure 1.

Training

A sufficiently large historical observation set is collected
or generated such that it contains a sufficient number of runs
(say L) of length T consisting of D-dimensional observation
vectors y generated by the normal and each of the faulty
modes of operation that we set out to detect. In doing so, we
obtain a three-dimensional matrix of dimension ðT 3 D 3

LÞ; �Y5fY1;Y2; . . . ;YLg, where Yl ; 1 � l � L, stands for
fy1;l ; y2;l; . . . ; yT;lg. We assign a state St 2 X to the observa-
tion vector at each time instant t in each run. Through this
step, we incorporate our prior knowledge of fault characteris-
tics into the HMM. The set of data vectors is segregated into
N groups where each group contains all observation vectors
corresponding to a particular state. Here, we take care to
ensure that each state contains an ample number of data vec-
tors ni so as to form a viable FGMM. The FJ algorithm is
executed on each group of data vectors until convergence is
reached. The best fit model obtained from FJ algorithm f
�x; �l; �Rg is fed into the formal re-estimation algorithm (seg-
mental k-means) along with the original state sequence. As
we have prior knowledge of the states in the training data,
the most likely path required for segmental k-means estima-
tion is held fixed at the original sequence and is not updated.
The initial estimates of f�x; �l; �Rg are readjusted and the
transition probability A is computed iteratively to obtain the
final trained HMM model k5fA?;x?;l?;R?g.

Testing

To use the trained HMM for the purpose of fault detec-
tion, the new test batch to be monitored, Ytest , is generated.
The optimal state sequence, given the HMM model k, is
generated on applying the Viterbi algorithm to Ytest . It
should be noted that dtðiÞ gets progressively smaller along
the sequence from t 5 1 to t 5 T and comparison of such
small numbers may prove inaccurate due to computational
constraints. To overcome this drawback, we normalize dtðiÞ
for each i by dividing this number by Dt5

P
idtðiÞ before

comparison.

Application Examples

The applicability of the proposed scheme is investigated
for the case of a controlled inverted pendulum system and a
Model IV FCC reactor/regenerator system.

2038 DOI 10.1002/aic Published on behalf of the AIChE June 2014 Vol. 60, No. 6 AIChE Journal



Inverted pendulum

An inverted pendulum, as the name indicates, is a regular
pendulum kept in the inverted position, with its center of
mass positioned above the point of support. The pendulum is
stabilized in the vertical position by the application of a tor-
que produced by the motion of a cart on which the pendu-
lum system is mounted. A state feedback controller has been
designed using pole placement method for the purpose of
stabilizing the system. The state of the inverted pendulum
system at any instant may be completely specified in terms
the following variables.

1. Cart position r as measured from the equilibrium posi-
tion at r 5 0

2. Cart velocity _r
3. Angular displacement of the pendulum h about the ver-

tical position
4. Angular velocity _h
The equations governing the dynamics of the pendulum

can be found in Ref. 32.

To study the effectiveness of the proposed HMM scheme,
the following additive faults are introduced in the inverted
pendulum system:

1. Frictional Force on the Actuator. Frictional resistance
to the motion of the cart may prevent the pendulum from
equilibrating resulting in abnormal operation. In such a situa-
tion, the friction may be represented by the Stribeck model33

Ffric 5gðrÞSign ðrÞ (12)

where

Sign ðrÞ5

1 if r > 0

½21; 1� r50

21 r < 0

8>><
>>: (13)

gðrÞ5Fc1ðFc2FsÞ exp

�
2

���� r

ms

����
�d

s

(14)

Figure 1. Flow chart for implementing Fault diagnosis using MCHMM.
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Here, Fc and Fs stand for Coulomb and static friction and
ds and ms are the Stribeck velocity and shaping parameter.

2. An Offset on the Displacement Sensor. A constant off-
set is introduced in the displacement sensor.

As both these faults are additive, they do not alter the
model parameters of the system, but only introduce additive
terms in the state space equation. The linear displacement of
the system is nondimensionalized and plotted against time
for different modes of operation as given in Figure 2. It may
be noted that the equilibrium point of the inverted pendulum
system gets permanently shifted on introducing either of the
two faults. But in the case of Fault 2, the constant offset in
sensor is added to all measured values. Addition of this off-
set prevents the actual shift in equilibrium from being visible
in the recorded measurements.

Consequently Fault 2 appears as only a temporary spike in
measurements as seen in Figure 2c.

The normal operating point is taken as XOP5

1 0 0 0½ �T about which the nonlinear system model is
linearized. This point is described as

r51; _r50; h50; _h50

The system model, after nondimensionalization, is
expressed as

x1

x2

x3

x4

2
666664

3
7777755

n1r

n2h

n3 _r

n4
_h

2
666664

3
777775 (15)

where n1; n2; n3; n4 are the nondimensionalizing constants.
The linear state space model shall be represented as

_x5Ax1Bu (16a)

y5Cx1m (16b)

where (A, B, C) is the state-space realization of inverted
pendulum system under normal operation and m is the
measurement noise. On introducing the faults, u becomes
u0 where

Figure 2. Inverted pendulum—various modes of operation (x1 vs. t), Noise power 5 0.01.

(a) Normal operation. (b) Fault 1 at t 5 10. (c) Fault 2 at t 5 10. [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 3. FCC unit—various modes of operation (regenerator temperature vs. Time), noise-free case.

(a) Normal Operation. (b) Fault 1 at t 5 1000. (c) Fault 2 at t 5 1000. (d) Fault 3 at t 5 1000. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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u05 u1fA fS;1 0 0 0½ �T

Here, fA represents the actuator fault and fS;1 represents
fault in the displacement sensor. Hence, u0 denotes the com-
bined input to the system that comprises both the control sig-
nal and the faults under consideration. Substituting
appropriate numerical values for the model parameters, the
state space equations are rewritten as

x1
_

x2
_

x3
_

x4
_

2
6666664

3
7777775

5

0 0 22 0

0 0 0 1

0 20:1 22 20:08

0 21:47 26:31 20:13

2
6666664

3
7777775

x1

x2

x3

x4

2
6666664

3
7777775

1

0 0 0 0 0

0 0 0 0 0

26:13 0 0 0 0

84:30 0 0 0 0

2
6666664

3
7777775

u1fA

fS;1

0

0

0

2
66666666664

3
77777777775

(17a)

y1

y2

y3

y4

2
666664

3
7777755

x1

x2

x3

x4

2
666664

3
7777751

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

2
666664

3
777775

u1fA

fS;1

0

0

0

2
666666664

3
777777775

1

m1

m2

m3

m4

2
666664

3
777775 (17b)

Here, the matrix C is taken as the 4 3 4 identity matrix. In
addition to this, the coefficient matrix of u0 in Eq. 17b is chosen
such that its first column is a zero vector. This ensures that, in
the absence of faults and noise, the value of output y will be
equal to the state vector x. The parameters m1 m2 m3 m4½ �T
are zero mean Gaussian white noises. A discussion on other
parameters and their values can be found in Ref. 32.

Simulation

The dynamics of the inverted pendulum is simulated in
Simulink which uses a variable step size Runge–Kutta
method (ODE45 Dormand Prince) to solve the state-space
equations.

Model IV FCC Unit

In this part of the article, we implement the proposed
FDD scheme on the simulation of a controlled FCC main-

tained at a predefined set point. The FCC model, which sim-
ulates a Model IV FCC reactor/regenerator section for the
purpose of control simulation, was developed combinedly by
the Amoco Corporation and the Lehigh University.35 It was
originally implemented in advanced continuous simulation
language and incorporates all major dynamics of such a sys-
tem. A Simulink model for the same was later developed by
Dr. Emad Ali of King Saud University. This model, which
may be accessed online,35 has been used in this study after
introducing white measurement noise in each of the output
variables to mimic actual data that is obtained from a plant.

The model consists of 20 input variables, 20 output varia-
bles, and 19 state variables. A complete description of all
the variables and their normal operating values can be found
in reference.34 The faults considered in this work refer to
abnormal changes in the model parameters that lead to
marked deviations in process operation. A graphical repre-
sentation of all four modes of operation is shown in Figure
3. Here, the regenerator temperature (Treg) is plotted against
time as the change in dynamics of the system due to the
faults can be readily seen in the Treg against time plots.

Description of Faults.
1. Step change of 0.05 in coke formation factor which

results in increased coke deposition in riser and spent cat-
alyst Csc.

2. A positive ramp of slope 0.0556 K/s in fresh feed preheat
temperature for 300 s after which it stays constant.

3. A negative ramp of slope 20:453 3 1023 kg=s 2 in slurry
recycle rate.
Just as in the case for inverted pendulum, a training data-

set consisting of equal number of runs for each mode of
operation is recorded by repeatedly running the simulation
model. In this study, we have used 25 batches per mode of
operation for this purpose.

Results and Discussion

Based upon the training data �Y generated through the
aforementioned models, the proposed algorithm was per-
formed on both the training batches as well as a set of new
batches to detect and classify instances of abnormal operat-
ing modes. The error in fault detection is measured in terms
of e% which is defined as

e%5
serror

stot

(17)

where serror is the number of instants at which the state has
been wrongly estimated from all batches in the test data and
stot is the total number of instants in the test data. Further-
more, etraining% and efresh% refer to the error measurements
when testing has been performed on the training batch and a
fresh set of runs, respectively.

Another measure of performance of an FDD scheme is its
false alarm rate. A false alarm or a false positive response is
said to occur when the FDD scheme reports a fault in spite
of the system being under normal operation. False positive
rate is defined as the fraction of normal instants that are
reported with a false positive response. A false negative
response, conversely, is said to occur when the FDD scheme
reports no faults in spite of the system being under an abnor-
mal mode of operation. False negative rate refers to the frac-
tion of instants of abnormal operation that are reported with
a false negative response.

Table 1. Inverted Pendulum Results

Case Noise Power FDD Scheme etrain % efresh%

1 0.0000001 Proposed Method 0.93 0.93
MDHMM 0.93 0.97

2 0.00001 Proposed Method 0.93 0.93
MDHMM 0.93 2.00

3 0.0001 Proposed Method 0.93 0.93
MDHMM 2.28 9.27

4 0.001 Proposed Method 0.93 1.01
MDHMM 25.77 27.07

5 0.005 Proposed Method 6.01 6.62
MDHMM 26.10 27.44

6 0.01 Proposed Method 8.13 11.83
MDHMM 26.34 31.17
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The summary of the FDD results of the proposed scheme
in comparison with those of the MDHMM-based fault detec-
tion and classification scheme24 is discussed below:

Results—Inverted pendulum

It may be seen from Table 1 that both MDHMM-based
scheme and the proposed multiway continuous HMM
(MCHMM)-based scheme perform accurate diagnosis for
low noise training and test data with comparable error rates.
On comparing the results predicted by the proposed FDD
scheme with the actual states, it was found that the continu-
ous observation model is capable of accurately arriving at
the mode of operation of the system at each instant. The per-
formance of the proposed scheme was studied in terms of
the percentage error across different noise levels in the
observation data. This was achieved by varying the noise
power in the band limited white noise blocks from Simulink.
The noise power indicates the amplitude of the power spec-
tral density of the Gaussian white noise. A steady increase in
fault detection error is seen in MDHMM with higher noise
power whereas rise in error rate in the case of the proposed
MCHMM based scheme is considerably less.

Under real conditions, an FDD scheme has to be applied
to freshly available data which may be quite different from
the training dataset. It is observed that at low noise powers,
the proposed scheme gives accurate predictions, regardless
of whether the test data is chosen from the training dataset
or freshly generated from a new run of the model. At low

noise powers, the MDHMM-based scheme is also capable of
performing accurate fault diagnosis on fresh data. On
increasing the noise power, both schemes exhibit a drop in
the accuracy.

But it can be seen from Table 1 that this reduction in per-
formance is much more pronounced in the MDHMM-based
scheme than the MCHMM-based scheme. At a noise power of
0.005, the MDHMM-based scheme has an error rate of
27.44%, rendering it an unreliable means of state estimation
under such conditions. The proposed new scheme, conversely,
makes reasonably good estimates with an error rate of 6% at a
noise power of 0.005 and an error rate of 11% at a noise power
of 0.01. It may be noted that the performance of the FDD
schemes are generally better on the training dataset than on a
freshly generated data as can be seen in the Table 1. This hap-
pens because the probabilistic relationships existing between
the states and the observations are captured in the HMM
parameters from the training dataset. As the fresh data may
not exhibit these same relationships, the accuracy of predic-
tions of HMM-based FDD schemes drops. This drop in accu-
racy becomes prominent at higher noise levels when there
may be a larger disparity between the two datasets.

In addition to this, 60 batches of fresh data generated at
0.01 noise power, with 20 batches belonging to each mode
of operation, were subjected to FDD using the proposed
scheme and the MDHMM-based scheme. The algorithms
were trained initially on a dataset consisting of merely nine
batches with three batches per each mode of operation

Figure 4. Comparison of results between MDHMM, the proposed scheme and actual data for noise power 5 0.01.

(a) Fault diagnosis results for MDHMM and the proposed scheme. (b) Actual modes of operation [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]
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(Nfault). The size of training dataset was gradually increased
to study its effect on the accuracy of detection, while keep-
ing the constant noise power 0.01.

After training, the MDHMM-based FDD was performed
on the fresh dataset and the error rate was noted.

Because the FJ algorithm is a stochastic clustering
scheme, it might cluster the same dataset differently in dif-
ferent runs. Hence, the MCHMM-based FDD was trained
and tested 40 times for each data size, recording the average
and maximum error rates.

Figure 4a shows the states as identified by the two FDD
schemes for a particular test batch from the inverted pendu-
lum system. The actual state of the system at each instant
for the same batch can be seen in Figure 4b. A plot showing

the relationship between average efresh% and the number of
training batches per mode of operation, Nfault, used in train-
ing is given in Figure 5a. It is seen that in the case of
MCHMM, for lower values of Nfault, not only is the efresh

generally higher, but it also exhibits major variations from
one value of Nfault to the next. This is not the case with

Figure 5. Comparison of results between MDHMM and MCHMM for inverted pendulum FDD for noise power-
5 0.01.

(a) Total error rates. (b) False alarm rates. [Color figure can be viewed in the online issue, which is available at wileyonlineli-

brary.com.]

Table 2. Model IV FCC Results for Proposed Method

Case Noise Power etrain % efresh %

1 0.0000001 0.61 0.61
2 0.0001 0.61 0.61
3 0.01 0.64 0.64
4 5.0 0.64 0.64
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MDHMM where such variations are relatively less. Never-
theless, MCHMM has an error rate of 11–12% as compared
to MDHMM with an error rate of around 50% for
Nfault> 20. It is also observed that both the average and the
maximum error rates of MCHMM are smaller than the error
rate of MDHMM at all values of Nfault. The difference
between maximum and average error rates for the
MCHMM-based scheme is seen to be always less than 10%.
Moreover, this difference was seen to become smaller as the
training data size was increased. The false positive and false
negative rates for the two FDD schemes are plotted in Figure
5b. The false positive rate for MCHMM is found to be
smaller than that of MDHMM at all values of Nfault. For the
MDHMM-based scheme, the false negative rate is seen to
increase and the false positive rate is seen to reduce as the
training data size is increased. The number of false negatives
ranges from 200 to 300 for most values of Nfault in the case

of MCHMM while it increases readily from 72 to 497 for
MDHMM over the specified range of Nfault.

Results—Model IV FCC

The fault detection and classification results for the FCC
unit are charted in Table 2. It can be seen that the proposed
MCHMM-based scheme could estimate the modes of opera-
tion with great accuracy. Trained on a dataset of 100 batches at
a noise power of 0.0000001, the FGMM-based HMM could
correctly estimate 4373 points out of 4400 observations. The
proposed scheme produced estimates at the same error rate
(0.61%) when tested on both training dataset and fresh data
from a new run of the model. The error rate remained same
even when the noise power was increased thousand fold to
0.0001. On increasing the noise power to 0.01, a slight increase
of 0.03% in error rate was observed in both training data and

Figure 6. Results of FDD using MCHMM on FCC Model.

(a) Variation of efresh% with Nfault for FDD on FCC model. (b) False alarm rates for FDD on FCC model. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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fresh data tests. A similar trend was observed by changing the
batch size. For the Amoco model of FCC system, the observa-
tion vector for the HMM contained 20 variables. Thus, the
probability of occurrence of any particular observation vector,
if computed by multiplying the individual probability of occur-
rence of each of the values, results in a diminutive number.
Due to this, calculations involved in implementing the
MDHMM-based method were often found to return the stand-
ard Not-a-Number response from MATLAB due to division
operations by numbers rounded off as zero. Hence, attempts to
compare the results of the proposed scheme to the prediction
results of MDHMM-based FDD scheme were not successful.

Furthermore, 100 fresh batches with a noise power of 5.0,
with 25 batches from each mode of operation, were moni-
tored using the MCHMM algorithm using increasing values
of Nfault from 5 to 40. The efresh % is seen to remain consid-
erably unchanged at around 0.64%. In the FCC case with 20
measurement variables, repetition of the algorithm on the
same set of test data, using the same training set, are seen to
yield more consistent results than in the case of the inverted
pendulum where only four measurements variables were
available. Also, the false positive rate for the proposed
scheme on the FCC model is seen to remain almost constant
when the training data size is increased.

The MDHMM-based scheme was not successfully imple-
mented on the FCC model due to computational constraints
as described above. The results obtained for MCHMM-based
FDD scheme when tested on FCC model for increasing val-
ues of Nfault are shown in Figure 6.

Comparison—False alarm rates

The performance of the two FDD schemes at different
noise powers were compared in terms of false positive and
false negative rates. As the MDHMM-based FDD scheme
was not successful in monitoring the FCC model, the com-
parison was done based on the monitoring results obtained
from the inverted pendulum model. To compare the false
alarm rates, both FDD schemes were first trained at a noise
level of 0.0001 on a common training dataset consisting of
60 batches. Then, a fresh test dataset of the same noise
power with 60 batches was generated. The two FDD
schemes were tested on this dataset and the false positive
and false negative rates were noted. The procedure was
repeated by increasing the noise power of the datasets. The
results of this study have been plotted in Figures 7a, b. It
may be noted from the figures that, at all noise levels, false
positive response rate given by the MCHMM based scheme
is smaller than that given by the MDHMM-based scheme.

Figure 7. Comparison of (a) false positive and (b) false negative rates for the MDHMM and MCHMM-based FDD
schemes.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Also, the false negative rate is seen to increase with the
increase in noise power for both schemes.

Conclusions

In this work, we studied the effectiveness of a novel
MCHMM-based FDD scheme. The training data was charac-
terized by a FGMM. An optimal number of Gaussian com-
ponents and their mixture parameters were computed by
clustering the training data using the FJ algorithm. A contin-
uous HMM was then generated by using segmental k-means
algorithm for training. An updated Viterbi algorithm was
used to estimate the hidden states in test datasets. Perform-
ance of the proposed MCHMM-based FDD scheme was
compared with that of an MDHMM-based FDD scheme by
testing on an inverted pendulum system and an FCC model.
It was observed that at low noise powers, both MCHMM-
based and MDHMM-based schemes are capable of accurate
detection and diagnosis faults.

It was also observed that both schemes exhibit a loss in
accuracy as the noise power is increased. For the cases stud-
ied, MCHMM-based FDD scheme was found to be consider-
ably more accurate than MDHMM-based scheme at high
noise powers. Also for the cases studied, the false positive
rate for the MCHMM-based scheme was found to be smaller
than that of MDHMM-based scheme at all noise powers. No
significant trend was observed in false negative rates.

Relationship between the size of training dataset and the
accuracy of fault diagnosis was studied. It was observed
that the MCHMM-based fault detection scheme performed
better than MDHMM-based scheme across all training data
sizes used. The false positive rates for the MCHMM
scheme were found to be lower than that for the MDHMM-
based scheme at all training data sizes. No significant rela-
tionship was found between error rates and the training data
size.

The results of FDD using this method is also dependent
on the clustering of observation vectors which is carried out
by the FJ algorithm. A certain level of randomness is intro-
duced at this level. As the FJ algorithm is a stochastic clus-
tering scheme that may cluster the same dataset differently
on different trials. The proposed scheme can thus produce
different monitoring results in different trials. Nevertheless it
was found that these differences in monitoring results are
reduced when the training data size is increased.

A major limitation of the proposed method lies in the
requirement that the historical database that is used to train
the MCHMM should include descriptions of all faults to
be monitored. Performance of FJ algorithm used in cluster-
ing the data is known to reduce when Gaussian compo-
nents with very different weights are present. The
performance of the proposed FDD scheme in diagnosing
such faults with significantly different Gaussian weights
needs to be studied.
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